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Simulations of Planar Flapping Jets in Con� ned Channels
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Computationalanalyses are used to provide a more complete understanding of the mechanisms that contribute
to the development of oscillating planar jets. The geometry considered is a two-dimensional jet exhausting into a
blind channel, whose open end is opposite to the initial direction such that the jet must turn through 180 deg to
exit. The resulting � ow� elds exhibit three distinct characters that depend on the channel expansion ratio and the
Reynolds number. At low Reynolds numbers the � ow is steady and symmetric. A symmetry-breaking bifurcation
at intermediate Reynolds numbers produces steady asymmetric � ows. A Hopf bifurcation at higher Reynolds
numbers yields unsteady � ows. Predicted critical Reynolds numbers and oscillation frequencies are presented for
different expansion ratios. Solutions are obtained from the time-dependent Navier–Stokes equations by means of
an incompressible formulation based on dual-time stepping via arti� cial compressibility.

I. Introduction

L AMINAR � ows in two-dimensional symmetrically expand-
ing channels produce either symmetric or asymmetric � ow-

� elds.1– 7 The jet � ow produced by a sudden expansion remains
symmetrically placed in the channel at low Reynolds numbers,
but becomes asymmetric at higher Reynolds numbers and attaches
to either the upper or lower wall. The steady-state solution that
distinguishes these symmetric and asymmetric characteristics is
commonly referred to as a symmetry-breaking bifurcation. Exper-
imental investigationsof the bifurcation include the work of Durst
et al.,1 Cherdron et al.,2 and Ouwa et al.3 Combined numerical–
experimentalstudieswere reportedby Fearn et al.4 and Durst et al.,5

andShapira et al.6 useda linearstabilityanalysis.In addition,the au-
thors of this paper investigated the � ow� elds and bifurcation struc-
ture using two independent techniques, numerical simulations and
bifurcation calculations, and subsequently compared the results to
published work.7

The axisymmetric analog of a jet encountering a sudden expan-
sion differs considerably from the planar con� guration. The cylin-
drical channeloffersno preferredlocationto which the jet can attach
and remain stationary. Instead, it appears that a round jet will pre-
cess about the axis in an unsteady swirl-like fashion, as reported
by Nathan and Luxton8 and Hill et al.9 Thus, whereas planar jets
bifurcate to steady asymmetric solutions, round jets appear to bi-
furcate to unsteady asymmetric solutions. Although round jets are
of interest to us, the dimensionality of the problem is two higher
than that of the planar jet, i.e., three spatial dimensions and time
vs two spatial dimensions. The literature, however, contains some
two-dimensional geometries that have the unsteady character of
the suddenly expanded round jet. These unsteady planar � ows are
not as well characterized as the steady-state � ows resulting from
a symmetry-breaking bifurcation. In the present paper, studies of
a blind channel geometry inspired by existing experimental results
are investigated.The information gained from this problem is inter-
esting in its own right while providing insight into the more CPU-
intensive three-dimensionalunsteady problem.
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The remainder of the paper is laid out as follows. A brief liter-
ary survey is presented on the geometric characteristics that have
produced unsteady � ows. The results show that some sort of � ow
feedback mechanism is generally required if oscillations are to be
observed. The numerical formulation for the unsteady incompress-
ibleNavier–Stokesequationsispresentedin thenext section.Results
of thenumericalsimulationsare thendiscussed,beginningwith a de-
scription of the transitions that lead to multiple � ow regimes. Char-
acteristic features of two bifurcations are described, with emphasis
on the detailed � ow� eld for an unsteady � apping jet. Parametric
studies of the con� ned channel � ows are also presented for various
Reynolds numbers and expansion ratios to ascertain their effects on
the critical Reynolds numbers and the frequency of � apping.

As a means of identifying channel geometries that potentially
will lead to unsteady oscillations in a planar con� guration, we � rst
review � ndings for laminar � ow in symmetrically expandingchan-
nels. Some evidence of time-dependent behavior in suddenly ex-
panded � ows (in channels with an open downstream end) has been
reported by Cherdron et al.,2 Fearn et al.,4 Durst et al.,5 and Sobey
and Drazin.10 These references discuss the possible existence of a
Hopf bifurcationthat leads to unsteady� ows at largeReynoldsnum-
bers, but the � ndings are not conclusive.For example, the unsteady
oscillations observed by Cherdron et al.2 were later determined to
have arisen from three-dimensionaleffects.5 Similarly, Fearn et al.4

attempted to � nd a Hopf bifurcation for symmetrically expanding
channels, but found no evidence of one, and also suggested that
three-dimensionaleffects initiated the time-dependent� ows. Sobey
and Drazin10 calculated Hopf bifurcations, but their results are for
smooth channel expansions that are periodic in the longitudinal di-
rection.

A primary area in which unsteadyplanar jets have been observed
is in the � eld of � uidics.The channelgeometriesthat havebeenused
for � uidicsvariedwidely, but in general,con� gurationsare such that
a jet is discharged from a small channel into a larger one. One key
feature of these � uidic oscillations is the presence of some type
of feedback mechanism that allows downstream conditions in the
jet to be communicated back upstream. A representative geometry
is shown in Fig. 1a in which a special passage permits part of the
� ow to loop back and re-enter the main stream. A related study
of � uidic oscillators by Shakouchi11 revealed that a rectangular jet
would produce an oscillating � ow� eld.

Experimentswith symmetricallyexpandedjets in closedchannels
in which the jet must turn 180 deg and exit upstream have also
been observed to generate oscillating � ows for a narrow range of
geometries. The geometry of a con� ned jet, which forms the basis
of the con� guration studied here, is shown schematically in Fig. 1b
and has generated some interesting � ows analogous to the open-
ended symmetric expansions. Sallam et al.12;13 reported that the
blind con� guration led to both symmetric and asymmetric � ows,
as well as an oscillating jet regime. In the oscillating region, they
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a) Feedback loop

b) Dead end

Fig. 1 Schematic of planar jet expanding into symmetric channel.

found a linear relationship between the frequencyof the oscillation
and the jet velocity.

One signi� cant � nding of both the planar12;13 and precessing9

� ow experiments that is helpful in our study, is that the absolute
location of the closed end has little effect on the unsteady � ow. The
dead end must be suf� ciently far removed from the jet exit to en-
able a large-scalevortex to form. A stagnant buffer region then � lls
the remainder of the channel between the vortex and the blind end.
The stagnant region effectively masks the location of the blind end
and desensitizes the effect of its exact location. This result is ex-
ploited in our study to reduce the number of variables by one.

To obtain a geometry that provides an unsteady � apping solu-
tion, we have combined the feedback mechanism that is present in
the complex geometries used for � uidic oscillators with the blind
channel geometry just discussed. The blind channel con� guration
appearsto provideoscillating� ows more readily thandoes theopen-
endedcon� guration,whereasthepresenceof a feedbackloop should
provide a more regular controlled oscillation.

To date there have been no detailed analytical studies of these
intriguing unsteady � ow� elds. In the present paper, we use the ex-
perimentalconceptsjustdescribedto de� ne a simplegeometryanal-
ogous to the symmetric channel con� gurations,but with a feedback
loop that is an integral part of the � ow� eld. We then use this geom-
etry along with numerical methods to investigate the dynamics of
this class of � ows.

II. Problem Formulation
The blindchannelgeometrychosenfor thecomputationsis shown

in Fig. 2a.The channelcon� gurationhasmany features that are anal-
ogous to the previous experiments11 – 13 but provides a more generic
� ow domain that includesa simpler and more straightforwardfeed-
back mechanism. A smaller channel of height d is positionedinside
a larger channelof height D. The � ow is introducedat the left end of
the inner channel with a parabolic velocity pro� le. The jet traverses
the inner channel and emerges from the right end, expands, and
� ows toward the blind end of the outer channel. Upon approaching
the downstream end wall, the � ow turns 180 deg, traverses either
the top or bottom (or both) passage(s) between the inner and outer
channels, and � nally exits at the leftmost opening of width H . The
two passages merge before the � ow reaches the exit, thereby in-
troducing a communication between the two legs ensuring that a
feedback loop is created.

The exit is constrained by including symmetrically placed par-
tial walls at the leftmost end such that H < D (Ref. 14). Allowing
H D D encourages the � ow to attach to one side of the channel,
invariably resulting in in� ow on the other side. The partial walls at
the exit plane ensure that the reversed � ow separates from both the
top and bottom walls before exiting so that � ow through opening
H is always outward (to the left). In turn, meaningful boundary
conditions can be enforced. Overall, the geometry provides a � ow-
� eld with the desired steady and unsteady jet characteristics and
qualitatively simulates experimental results.11– 13

a) Schematic of asymmetric jet in symmetric con� ned channel

b) Rectangular 141 £ £ 111 grid showing every third node in x and fourth
node in y

Fig. 2 Geometrical description of planar jet exhausting into blind
channel.

Characteristic parameters of the � ow are the channel expansion
ratio D=d, the nondimensional exit height H=d , and the Reynolds
number Re D Q 0=º, where Q 0 is the volume � ux per unit depth per-
pendicular to the x– y plane.The lengthsof the inner and outer chan-
nels, L 0 and L , respectively,and their relativeplacementdenotedby
P in Fig. 2a, complete the formulation. The channel length L was
chosen such that the � rst vortical structure develops completely.
The � ow then stagnates prior to the blind end and ensures that the
actual location has minimal effect on the upstream � ow, and length
L becomes an insensitive parameter to the � ow� eld.

III. Numerical Formulation
The incompressible Navier–Stokes equations in generalized co-

ordinates (»; ´) can be expressed in conservativevector form as
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with the contravariantvelocitiesU D uy´ ¡ vx´ and V D vx» ¡ uy» .
The subscripts refer to partial derivatives, and p; u; and v are the
primitive variables.

Equation (1) can be converted to the arti� cial compressibility
formulation15 by changing the physical time t to a pseudotime ¿
and replacing the matrix C with the matrix C p

C p D
1=¯ 0 0

0 1 0

0 0 1

where¯ is the arti� cial compressibilityparameter.The Eulerportion
of Eq. (1) becomes fully hyperbolic so that time-marching schemes
can be used for either the Euler or the Navier–Stokes equations.The
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matrix C p , however, implies that the equations are no longer phys-
ically correct for transients, but they regain meaning in the steady-
state limit. Time accuracy can be recovered by combining the arti-
� cial compressibility method with a dual-time stepping scheme in
which the pseudotime derivative C p@Q=@¿ is added to the physical
time derivative already appearing in Eq. (1). The real-time solution
is then obtained by iterating in pseudotime until @Q=@¿ ! 0.

In the present studies, both steady and unsteady � ows were cal-
culated. For both cases, a four-stage Runge–Kutta explicit scheme
was used to integrate the solution in pseudotime.The time-accurate
cases were formulatedby expressing the physical time derivative as
a second-orderthree-pointdifference.Central differenceswere used
for all spatialderivatives.A complete descriptionof the formulation
is given in Ref. 14.

IV. Discussion of Results
The initial results are for an expansion ratio of D=d D 5, with an

exit height of H=d D 2, and channel lengths L=d D 25, L 0=d D 5,
and P=d D 2:5. A rectangular grid with mild clustering near the
walls was used, as shown in Fig. 2b. Numerical tests were per-
formed to determine the grid size needed to resolve the � ow� eld
and generate grid-independent solutions for the present study, as
discussedin Ref. 7. The mesh comprised141 £ 111 grid pointswith
a typical average aspect ratio 1y=1x D 0:25. The convergence cri-
terion for steady-state calculations was that the relative difference
in the residualsbetween successiveiterationsbe smaller than 10¡12.
For transient calculations, the relative difference in the residuals
between the inner iterations was smaller than 10¡8 .

A. Steady-State Solutions
Numerical simulations show the con� ned channel geometry al-

lows symmetric steady solutions, asymmetric steady solutions, and
unsteady (� apping) solutions.Results for symmetric and asymmet-
ric steady � ows are given in Figs. 3a and 3b, respectively. The
symmetricresultsin Fig.3a correspondto a Reynoldsnumber(based
on the average velocity in the inner channel and the inner channel
height) of 25 and show identical small recirculation zones above
and below the jet exit (identi� ed by the streamlines). The asymmet-
ric results (Fig. 3b) correspond to Re D 60. Here, the recirculation
zones are much larger and clearly asymmetric. The � ow primarily
exits through the lower portion of the duct. Mirror-image solutions
with the � ow exiting through the upper passage are also easily ob-
tained. In both symmetric and asymmetric cases, the velocitiesnear
the rightmost end are negligible.

A sequenceof calculationsat variousReynoldsnumbersindicated
that these two families of solutions were separated by a symmetry-
breakingbifurcationat a criticalReynolds number Rec1 . Successive
computations of both symmetric and asymmetric solutions with an
ever-decreasingReynolds number range indicated that the � ow un-
derwent transition for 25 < Rec1 < 30 for the D=d D 5 case. Calcu-
lations of Reynolds numbers up to 25 produced stable symmetric
solutions, whereas calculations for Reynolds numbers between 30
and 60 produced stable asymmetric solutions. Steady � ow� elds,
however, could no longer be obtained above a Reynolds number of
60, suggesting the presence of a second critical Reynolds number
Rec2 .

a) Symmetric jet, Re = 25, and D/d = 5 (streamline contours identify
symmetric recirculation patterns)

b) Asymmetric jet, Re = 60, and D/d = 5

Fig. 3 Velocity vectors indicating character of steady-state solutions.

B. Unsteady Solutions
To obtain results beyond these steady solutions, we switched

to the time-accurate algorithm. Here, a sequence of computations
bracketed the transition between 60 < Rec2 < 65. For Reynolds
numbers greater than 65, the � ow became unsteady and exhibited
a periodic motion. At these supercritical Reynolds numbers, the
jet was observed to oscillate between the upper and lower channel
walls in a cyclic fashion. The amplitude did not decay with time,
and the frequency of the unsteady motion remained constant. This
periodic time-dependent character is consistent with a Hopf bifur-
cation.16

C. Physical Features of Transient Flows
A sequence of plots is presented in Fig. 4 showing the velocity

vectors in the entire computationaldomain for eight equally spaced
time intervals throughout a representative period of the � apping
motion for the case Re D 100 and D=d D 5. Beginning with the plot
at the upper left corner (t D 0:70 s), the jet is observed to curve
sharply downward as it exits from the inner channel until it almost
touches the bottom wall of the outer channel. The out� ow moves
to the left through the passages both above and below the inner
channel, with perhaps slightly more � ow going through the upper
passage.

Between the initial frame and the next (t D 0:76 s), the jet hits
the bottom wall and rebounds. The close proximity of the jet with
the bottom wall prevents � ow through the lower passage so that
the entire exit � ow is diverted through the upper passage. A large
vortex allows some leftward-moving� ow in the lower passage, but
it is entrained by the rightward-�owing jet such that there is no net
mass � ux through the lower passage.

In the third frame (t D 0:82 s), the jet has moved approximately
half-way back to the centerline,and the beginningsof � ow between
the jet and the bottom wall can be observed, but again it results in
a recirculation region rather than a net mass � ux through the lower
passage. The upper passage continues to be the conduit through
which the � ow exits. By the fourth frame (t D 0:88 s), the jet has
moved to approximatelythe middle of the channel.There is stronger
evidenceof leftward-moving� uid in the lowerpassage,yet theupper
passage contains nearly all of the exiting mass � ux.

The velocity vectors in the � fth frame (t D 0:94 s) show the
jet is now de� ected sharply upward as it exits the inner channel,
and a signi� cant mass � ow through the lower passage is again ob-
served. The upper passage also continues to transport substantial
mass � ow, but it can be seen that the jet is about to block this pas-
sage. Comparisonwith the � ow at time t D 0:70 s shows the present
� ow� eld is nearly a mirror image of the initial frame. Thus, the
� ow has passed through nearly a one-half period by this point in
time.

Moving through the sixth and seventh frames, the jet re� ects off
the top wall, terminates � ow through the upper passage, and exits
through the lower passage. The jet continues to move downward
until it has nearly reached the centerline (t D 1:12 s). The next suc-
ceeding frame, t D 1:18 s, would nearly duplicate the � ow con� gu-
ration seen in the � rst frame (t D 0:70 s). Consequently,the periodic
variation of the � apping motion has been traced through one cycle
with a period of motion approximately 0.48 s.

To demonstrate the stationary nature of the oscillatory � ow, the
time history of the instantaneous pressure and the streamwise and
cross-stream components of the velocity at two points in the � ow-
� eld are shown in Figs. 5 and 6. These results verify that the oscilla-
tion remainsstationarywithoutgrowthor decay.The resultsofFig. 5
are on the centerline (y=d D 0), whereas those of Fig. 6 correspond
to conditionsnear the top wall (y=d near 2.5). Both sampling points
correspond to the approximate streamwise location xp=d D 2:68, at
which the jet impacts the wall (where xp is measured from the inner
channel exit). The � apping frequency as determined from these re-
sults is approximately 2.0 Hz, corresponding to a Strouhal number
of 0.19 based on the average velocity through the outer channel and
channel height D.

Further inspectionof the results in Fig. 5 con� rms that the stream-
wise velocity u is always positive and reaches a maximum every
time the jet passes through the centerline. There are two peaks in
the streamwise velocity during each complete cycle of the � apping
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jet, and the frequency of the u velocity is twice that of the � apping
jet. The pressure also shows two cycles for every complete cycle
of the � apping jet. The pressure trace leads the streamwise velocity
traceby 90 deg such that the u velocityis a maximumwhen the pres-
sure passes through zero. The cross-stream velocity has the same
period as the jet. As the jet moves upward, the v velocity on the
centerline is positive, and when it moves downward, the v velocity
is negative. The results in Fig. 5 also show that the cross-stream
velocity oscillation is symmetric about v D 0.

The time traces for the pressure and velocity components near
the top wall in Fig. 6 are generallyanalogous to the results in Fig. 5.
However, the streamwise velocity is primarily negative, indicat-
ing the � ow at the sampling location is reversed through most of
the period. The correspondingv-velocity component is nearly zero
throughout the period because of the relative proximity of the wall.
Finally, the pressure at this location again exhibits two peaks per
cycle, but the � rst amplitude is only one-third that of the second.
Thus, the frequencyof the pressure has dropped to match that of the
� apping jet, although there remains a remnant of the dual frequency
noted on the centerline.The u velocity at this near-wall region also
exhibits the same frequency as the jet.

The results of Fig. 6 show that the pressure at the near-wall point
reachesa maximumat t D 0:45,0.96,and 1.47s. Detailed inspection
of the � ow� eld at t D 0:96 s shows the peak in pressurecorresponds
to the time when the jet impacts the wall. Note that Fig. 6 also
indicates that the streamwise velocity u at this position is nearly
zero at t D 0:96, another indication that the jet is stagnating on the
wall. Thus, the pressure is a maximum, and the velocitiesat the wall
vanish when the jet impacts.

Figure 7 shows the streamwise variations of the pressure along
the top wall at six different times during one-half of the jet � apping
cycle. As time progresses,maximum and minimum pressure peaks
occur.The peaks increase in magnitudeas the jet moves closer to the
wall, with the largest pressure peak at x p=d D 2:68 and t D 0:96 s.
The maximum pressure during the cycle corresponds to the instant
at which the jet impacts the wall.

The cross-stream variation of the pressure at xp=d D 2:68 is
shown in Fig. 8 for the same six time intervalsduring the half-cycle
of the � apping jet. Again, the maximum peak occurs at t D 0:96 s
and corresponds to the results in Fig. 7. In addition, Fig. 8 shows
that the pressure on the opposite side of the channel (y=d < 0) is
considerablylower throughout this half of the cycle. Of course, the
opposite wall experiences higher pressures during the second-half
of the jet-� apping cycle when the jet is in the lower half of the
channel.

Inspection of the � ow� elds in the unsteady regime shows that
only minor details of the overall � ow patterns are modi� ed as the
Reynoldsnumber is increased.This can been seen from the instanta-
neous velocity vector � elds for Re D 100; 500; and 1000 in Fig. 9.
The velocities in each plot have been nondimensionalizedby their
respective mean velocities. For each Reynolds number condition,
the results are shown at the time when the jet just touches the upper
wall so that nearly the same phase of the oscillation is compared.
In each case, a single dominant vortical structure is present just be-
yond the inner channel exit. At higher Reynolds numbers there is
evidence of an increased number of smaller eddies that shed from
the jet and interact in the � ow exiting through the passages. The
solutionsalso show that the jet bends more severely toward the wall
as the Reynolds number increases. By and large, the solutions are
qualitatively similar.

D. Mapping the Flow Bifurcations
The con� ned channelsimulationsindicate that threedifferentsta-

ble � ow regimes exist: 1) steady symmetric � ow, 2) steady asym-
metric � ow (with two possible solutions), and 3) unsteady, periodic
� ow. The three regimes can be found parametrically by varying the
Reynolds number and are distinguished from each other by a pair
of transition points. The � rst transition is a symmetry-breaking bi-
furcation Rec1 that separates the symmetric � ow solutions at low
Reynolds numbers from the asymmetric solutions at intermediate
Reynolds numbers. The second transition (that gives rise to a � ap-
ping jet region) is a Hopf bifurcation Rec2 that separates the inter-

mediate Reynolds number asymmetric solutions from the unsteady
solutions at higher Reynolds numbers.

The three � ow regimes and the approximate location of the tran-
sitionpoints that separate themare presentedin Fig. 10 for a channel
expansion ratio of � ve. The results in Fig. 10 show the maximum
cross-streamvelocity(normalizedby themeanvelocityin channeld)
on thechannelcenterlinefor allReynoldsnumber solutionsbetween
10 and 1000. Symmetric � ow, for which the cross-stream velocity
is zero along the entire centerline, exists up to a Reynolds number
of 25. This is shown as the horizontal line at v D 0. For Reynolds
numbers between 30 and 60, two asymmetric solutions exist. The
solution with positive v velocity corresponds to � ow attached to
the upper wall whereas negative v velocity implies attachment to
the lower wall. The solid lines used to identify the symmetric and
asymmetric solutions in these � rst two regimes clearly show the
symmetry-breaking bifurcation. As noted in Sec. IV.A, computa-
tional procedures only allow the critical Reynolds number to be
bracketed to within a � nite tolerance.

The dashed lines in Fig. 10 represent the unsteady periodic solu-
tions. These results show the peak-to-peak amplitude of the cross-
stream velocity on the centerline at the point where it is a maxi-
mum. Thus, the two dashed lines do not represent distinct solution
branches, but rather the envelope inside which the solution oscil-
lates during a single period. It is interesting that the envelope of
the unsteady solution is a more or less continuous extrapolation of
the maximum velocities observed in the adjacent asymmetric � ow
regime. Again, the transition region is bracketed to within a � nite
band lying between Re D 60 and Re D 65.

Shown in Table 1 are the results for expansion ratios � ve and
seven. (For D=d D 7, the channel dimensionsare L=d D 25, L 0=d D
7, and P=d D 3:5.) As can be seen, increasing the expansion ratio
decreasesboth criticalReynoldsnumbers.The trend that is observed
here for both the symmetry-breaking and the Hopf bifurcations is
consistent with the trends for the symmetry-breaking bifurcations
cited in Refs. 1–7. The overall trends emphasize that � ow insta-
bilities arise at lower Reynolds numbers as the expansion ratio is
increased.

To quantify the turning point of the jet as it expands from the in-
ner channel, the locationof the maximum pressurepoint at the wall,
the position where the jet stagnates,was compared for each case. A
summary of the data is presented in Table 1 for the nondimensional
distance xp=d downstream of the inner channel exit. The results
show that increasing the Reynolds number for a � xed expansion ra-
tio moves the maximum pressure location successivelycloser to the
innerchannelexit. For an expansionratio of � ve, themaximumpres-
sure locationmoves0.72 channelheights toward theexit planeas the
Reynoldsnumber is increasedfrom100 to 1000.A similar trendwith
Reynoldsnumber is observedfor the larger expansionratio case, ex-
cept that the larger outer channel causes the jet to impact the wall
somewhat fartherdownstream.The results suggest that the unsteady
effects become “stronger”as the Reynolds number is increased.The
jet is bent at larger and larger angles and � aps more violently.

E. Characterization of Flapping Frequency
A � nal important analysis of the � apping regime is a characteri-

zation of its Strouhal number. A plot showing the manner in which
frequencyvarieswith Reynoldsnumber and expansionratio is given

Table 1 Comparisons of critical Reynolds numbers
and reattachment locations for varying Reynolds

numbers and expansion ratios for planar con� ned � ows

Critical Reynolds Reynolds
D=d number number x p=d

5 25 < Rec1 < 30 100 2.68
60 < Rec2 < 65 500 2.32

750 2.32
1000 1.96

7 20 < Rec1 < 25 100 3.50
40 < Rec2 < 45 500 3.25

750 3.00
1000 2.25
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Fig. 4 Velocity vectors of transient solution of unsteady asymmetric jet for Re = 100 and D/d = 5.

Fig. 5 Nondimensionalized variables vs time at xp /d = 2:68 and y/d =
0:0 for Re = 100 and D/d = 5.

Fig. 6 Nondimensionalized variables vs time at xp /d = 2:68 and y/d =
2:46 for Re = 100 and D/d = 5.

Fig. 7 Pressure distributionvs streamwise positionat y/d = 2:5 for Re =
100 and D/d = 5.

Fig. 8 Cross-stream position vs pressure distribution at xp /d = 2:68
for Re = 100 and D/d = 5.
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Fig. 9 Nondimensional velocity vectors of � ow in con� ned channel at
Re = 100; 500, and 1000 for D/d = 5.

Fig. 10 Numerical simulationsof regimes corresponding to symmetry-
breaking and Hopf bifurcations for expansion ratio D/d = 5.

in Fig. 11. The results for expansion ratio D=d D 5 indicate the
frequencyincreasesalmost linearlywith Reynoldsnumber,whereas
for the larger expansionratio a weak nonlinearbehavioris observed.
The nonlinear increase in frequency is probably the result of de-
gradinggrid resolution for the case of D=d D 7 and Re D 1000. The
results should, however, remain qualitativelyvalid.

The Strouhal number used to describe the motion can be de� ned
in many ways. Here, we have chosen to use SrD D f D=Nu D , where
Nu D is the average velocity in the outer channel, D. Results based
on this Strouhal number are on the order of 0.3 (see Fig. 11). The
Strouhal numbers for an expansion ratio of � ve are constant with
Reynolds number except for the lowest value, which is slightly less
than theother threevalues.The Strouhalnumbersfor expansionratio
D=d D 7 gradually drift upward with Reynolds number re� ecting
the weak nonlinearity in the frequency-Reynoldsnumber curve.

An alternative Strouhal number based on the average velocity
and height of the inner channel has also been considered, but dif-
fers from SrD by the square of the expansion ratio (D=d), and
gives Strouhal numbers of order 0.01. The present de� nition of
Strouhal number SrD is consistentwith the one used by Hill et al.9

(basedon momentum� ux) and brings the Strouhalnumbersfor both
geometrical con� gurations into close proximity. The experimental
� ndings of Sallam et al.12 ;13 also indicate a linear relationship be-
tween frequencyand Reynolds number. Their experimentswere for
channel expansion ratios D=d D 6:25 and 7.5 with domain lengths
3:0 · .L ¡ L 0/=d · 5:6. The results of a nondimensionalfrequency
based on the average velocity and height of the outer channel gives
Strouhalnumbers for a rangeof 0.047–0.285,which is in reasonable
qualitativeagreementwith the resultspresentedhere.Note,however,
that the results of Sallam et al.12 ;13 were for high Reynolds number
� ows with shorter domain lengths.

Fig. 11 Relationship between Reynolds number with frequency (——)
and Strouhal number (– – –) for � xed expansion ratios.

V. Conclusions
Numerical simulationshave been used to assess the characteristic

� ow features of a two-dimensional jet expanding into a symmetric
blind channel. The results show the presence of two bifurcations
that lead to multiple � ow regimes.The � rst transitionis a symmetry-
breaking bifurcation to an asymmetric steady solution, whereas the
second transition is a Hopf bifurcation to an unsteady solution.
The symmetry-breakingbifurcation is analogous to the symmetric-
asymmetric transition observed in earlier work on sudden expan-
sions. The unsteady solutions appear to be introduced through an
internal feedback loop inside the � ow domain. At Reynolds num-
bers above the critical value for the Hopf bifurcation, the jet � aps
back and forth between the channel walls.

The characteristicsof the � ow� eld dependon the Reynolds num-
ber and the expansion ratio. The onset of the symmetry-breaking
and Hopf bifurcations occurs at lower Reynolds numbers when the
expansion ratio is increased. The frequency of oscillation associ-
ated with the � apping increases linearly with the Reynolds number
such that the Strouhal number is nearly constant. Proper choice of
the nondimensionalizing parameters gives a Strouhal number that
is only weakly dependent on the expansion ratio. The � ow patterns
of the transient motion are nearly independentof Reynolds number
except for the rate of � apping. Finally, the results indicate that the
peak-to-peakvelocity envelope inside which the unsteady � apping
solution oscillates is qualitatively similar to the magnitudes of the
cross-streamvelocity for the asymmetric steady solutions.
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